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ABSTRACT
The minimax a p p r o x im a t i o n  t o  t h e  i s o t o p e  e f f e c t  on h e a t  
c a p a c i t y  o f  i d e a l  gas  m o le c u le s  i s  w orked  o u t .  The r a t e  o f  c o n v e r ­
g en ce  and  t h e  u t i l i t y  o f  t h i s  a p p r o x im a t i o n  a r e  d i s c u s s e d  by means 
o f  n u m e r ic a l  c a l c u l a t i o n s  f o r  v a r i o u s  p o ly a to m i c  m o le c u le s  and t h e  
r e s u l t s  com pared  w i t h  t h o s e  o b t a i n e d  oy o u n e r  a p p r o x i m a t i o n s .
KIVONAT
K id o lg o z tu k  a z  i d e á l i s  g á z o k  f a j h ő j é b e n  az  i z o t ó p h e l y e t -  
t e s i t é s  á l t a l  e l ő i d é z e t t  e f f e k t u s  m inim ax k ö z e l i t é s é t .  A m ódszer 
k o n v e r g e n c i a s e b e s s é g é t  és  a l k a l m a z h a t ó s á g á t  k ü lö n b ö z ő  iz o tó p m o le k u -  
l a p á r o k o n  v é g z e t t  s z á m í t á s o k k a l  v i z s g á l t u k  meg és a  k a p o t t  eredm é­
n y e k e t  ö s s z e h a s o n l í t o t t u k  más k ö z e l í t é s e k k e l  n y e r t  e re d m é n y e k k e l .
РЕЗЮМЕ
Был разработан метод "минимаксного” приближения для эффекта, 
вызванного изотопным замещением в теплоемкости многоатомных идеальных 
газов . С целью исследования скорости конвергентности и применяемости 
метода были произведены подсчеты для различных пар изотопных аналогов, 
и полученные результаты сравнивались с результатами других приближений.
INTRODUCTION
I n  t h r e e  p r e v io u s  p u b l i c a t i o n s  [ 1 ,2 ,3 ]  m inim ax a p p r o x im a t io n s  
have b e e n  w orked  o u t  f o r  t h e  r e d u c e d  p a r t i t i o n  f u n c t i o n  r a t i o  o f  i s o ­
t o p i c  m o le c u le s  a n d  f o r  t h e  s p e c i f i c  h e a t  of c r y s t a l s .  From t h e  r e d u c ­
ed  p a r t i t i o n  f u n c t i o n  r a t i o  one can  d e r i v e  f o r m u la s  f o r  t h e  e f f e c t  
ox i s o t o p i c  a u ü s t i t u t i o n  on t h e  the rm odynam ic  f u n c t i o n s  o f  í a e a i  g a s e s .  
I n  t h e  p r e s e n t  w ork  th e  m inim ax a p p r o x im a t i o n  t o  t h e  i s o t o p e  e f f e c t  on 
h e a t  c a p a c i t y  /1Е Н С / o f  i d e a l  gas m o le c u le s  i s  d e s c r i b e d  a n d  i t s  u s e ­
f u l n e s s  i n  p r a c t i c a l  c a l c u l a t i o n s  a n a l y s e d  by means o f  n u m e r i c a l  c a l ­
c u l a t i o n s  f o r  v a r i o u s  p o ly a to m ic  m o l e c u l e s .
METHOD AND RESULTS
The IEHC o f  i d e a l  g a s e s  i s  r e l a t e d  t o  t h e  r e d u c e d  p a r t i t i o n  
f u n c t i o n  r a t i o  o f  i s o t o p i c  m o le c u le s  by th e  f o l l o w i n g  e q u a t i o n  [4 ] :
w here  AC° i s  t h e  r e d u c e d  d i f f e r e n c e  i n  h e a t  c a p a c i t y  o f  i s o t o p i c  
m o l e c u le s ,  a n d  ( s / s * ) f  i s  th e  r e d u c e d  p a r t i t i o n  f u n c t i o n  r a t i o  of 
i s o t o p i c  m o l e c u l e s ,  as i n t r o d u c e d  by  B i g e l e i s e n  an d  Mayer [5 ] .  I f  c o r ­
r e c t i o n  f o r  n o n - c l a s s i c a l  r o t a t i o n  a r e  n e g l i g i b l e  Eq. / 1 /  y i e l d s ,  i n  
t h e  harm onic  o s c i l l a t o r  -  r i g i d  r o t a t o r  a p p r o x im a t i o n  [ 6 ] :
-  2 -
w here u i  = hcw ^/kT . i s  th e  i - t h  n o rm a l  v i b r a t i o n a l  f r e q u e n c y
/ i n  cra“ V ,  ЗМ-в i s  th e  num ber of i n t e r n a l  d e g re e s  o f  freedom  f o r  a 
m o le c u le  w i th  N • atoms / 3N-5  f o r  a  l i n e a r  m o l e c u l e / ,  w h ile  u£ and 
u. 3 t a n d  f o r  l i g h t  and h e a v y  i s o t o p i c  s p e c i e s ,  r e s p e c t i v e l y .
The e x p r e s s i o n  ( u ^ / 2 ) 2 /  зЬ2 и ^ /2  on th e  r . h . s .  of E q . / 2 /  
c o r r e s p o n d s  t o  t h e  f u n c t i o n  G /u x /
G ( u x )  = f ----- — ----- \ / 3 /
V S h ( u x )  /
in  E q . / 5 /  used f o r  t h e  e v a l u a t i o n  of s p e c i f i c  h e a t  o f  c r y s t a l s  [33 , i f  
ux = u ^ / 2 .  The m inim ax a p p r o x im a t i o n  t o  t h e  f u n c t i o n  G/ и х /  c a n  t h e r e ­
f o r e  be  a p p l i e d  i n  t h e  m inim ax a p p r o x im a t io n  t o  t h e  IEHC of i d e a l  gas 







(n , к . u_ ) У V max)  i £ 1 / 4 /
where а *  / n , k , u max/  a r e  t h e  c o e f f i c i e n t s ,  o f  th e  m inim ax a p p r o x im a t io n
bo G / u x /  [ 3 ] ,  a n d  6 ( u 1/ u max) 2 k  _ / Ui  ~ U1 ^ 2k .
\  umax /
In  c a l c u l a t i o n s  w i t h  Eq. / 4 /  a  common u _ _ _ ,  d e t e r m in e d  by t h eludJC
h i g h e s t  f r e q u e n c y  o f  th e  l i g h t  i s o t o p i c  m o le c u le ,  was used  f o r  t h e  
i s o t o p i c a l l y  d i f f e r e n t  m o l e c u l e s .  For e x a c t  c a l c u l a t i o n  of AC°/R 
th e  i n d i v i d u a l  m o l e c u la r  f r e q u e n c i e s  w ere  e v a l u a t e d  by th e  W ilso n  
F G -m a tr ix  method [73•
The r e s u l t s  o b t a i n e d  w i t h  t h e  m inim ax a p p r o x im a t io n  / E q .  / 4 / /  
f o r  d e u t e r a t e d  m e t h y l f l u o r i d e  a r e  p r e s e n t e d  i n  T a b le  I  a lo n g  w i t h  th e  
e x a c t  v a l u e s  o f  AC°/R / E q . / 2 / / .  I t  c a n  be  s e e n  t h a t  t h e  minimax 
a p p r o x im a t io n  to  AC°/R g iv e s  s u b s t a n t i a l l y  w orse  r e s u l t s  t h a n  t h o s e  
o b t a i n e d  f o r  th e  m inim ax a p p r o x im a t i o n  t o  l n ( s / s ’ ) f  [ 1 , 2 ] .  /T h e  same 
was f o u n d  in  a 1 o t h e r  c a l c u l a t i o n s  c a r r i e d  ou t  f o r  i s o t o p i c  p a i r s  o f  
m o l e c u l e s . /  Tt .s i s  n o t  s u r p r i s i n g  i f  one c o n s i d e r s  t h a t  even  t h e  
minimax a p p r o x im a t i o n  t o  G / u x /  on ly  g iv e s  good  r e s u l t s  f o r  p r a c t i c a l  
c a l c u l a t i o n s  a t  h i g h  v a lu e s  o f  umax i f  h i g h  o r d e r  p o ly n o m ia l s  a r e  
u se d .  F u r th e r m o r e ,  t h e  a p p r o x im a t i o n  may b e  w o rse n e d  by u n f a v o u r a b le  
e r r o r  sum m ation  w h ic h  can  o c c u r  i n  fo rm in g  t h e  d i f f e r e n c e  in  t h e  h e a t  
c a p a c i t i e s  of i s o t o p i c  m o l e c u l e s .
-  3 -
A n o th e r  a p p r o x im a t io n  t o  AC°/R c a n  be  d e r i v e d  by  d i f f e r e n t i a t ­
in g  t h e  minimax a p p r o x im a t i o n  t o  t h e  r e d u c e d  p a r t i t i o n  f u n c t i o n  r a t i o .  
One o b t a i n s
AC° n . 3N-6 ,
F -  -  J i  2 k ( 2 k - i )  i £i  l ( V w f  / 5 /
where a  / n , k , u  /  a r e  t h e  c o e f f i c i e n t s  o f  t h e  m inim ax a p p r o x im a t io nSQSX
t o  I n  h / u /  [ 1 , 2 ] :
n /  \2k
l n b ( u ) -  l  a ( n , k , u  ) j / 6 /
k=o 4 у max /
F or  th e  m o nodeu te rom e thane  m o le c u le  th e  r e s u l t s  o f  t h e  minimax 
a p p r o x im a t io n  t o  t h e  IEHC /E q .  / 4 / /  a r e  com pared  w i t h  t h o s e  o b t a i n e d  
w i th  E q . / 5 /  i n  T a b le  I I .  A lso  shown a r e  t h e  r e s u l t s  o f  th e  a p p ro x im a ­
t i o n  t o  AC°/R d e r i v e d  by B i g e l e i s e n  [ 6 ] :
AC° 3N -6
- f T  = I C(ui )  Ли1 / 7 /K i “ 1 . 1 1
where
and Au^ ~ u i  “  u i*  V alues  o f  t h e  f u n c t i o n  C /u ^ /  h a v e  been  t a b u l a t e d  
f o r  d i f f e r e n t  u^ [ 6 ] .  I n s p e c t i o n  o f  t h e  v a l u e s  i n  T a b le  I I  show s t h a t  
t h e  m inim ax a p p r o x im a t io n  t o  AC°/H / E q ,  / 4 / /  g iv e s  b e t t e r  r e s u l t s  th a n  
th o s e  o b t a i n e d  f ro m  t h e  m inim ax a p p r o x im a t i o n  t o  t h e  r e d u c e d  p a r t i t i o n  
f u n c t i o n  r a t i o  o f  i s o t o p i c  m o le c u le s  / E q ,  / 5 / / «  The B i g e l e i s e n  a p p ro x ­
i m a t i o n  /E q .  / 7 / /  a l s o  h as  t o o  h ig h  e r r o r  v a lu e s  t h i s  p a r t i c u l a r  
e x a m p le ,  and th q s  c a n n o t  be  u s e d  f o r  p r a c t i c a l  e v a l u a t i o n  o f  AC£/R 
f o r  m o le c u le s  o f  t h e  above t y p e .
The c o n t  i b u t i o n s  o f  t h e  v a r i o u s  m o l e c u la r  f r e q u e n c i e s  t o  t h e  
IEHC o f  i d e a l  met; a n o l  m o le c u le s  a r e  p r e s e n t e d  i n  T a b le  I I I ,  Those 
f r e q u e n c i e s  f o r  w h ic h  u|> <v 10  c l e a r l y  c o n t r i b u t e  o n ly  s l i g h t l y  t o  th e  
h e a t  c a p a c i t y  d i f f e r e n c e  b e tw e e n  CH^OD a n d  CH^OH a t  200  a n d  300°K.
-  4
C o n s e q u e n t ly ,  i t  i s  p e r m i s s i b l e  t o  c u t  o f f  t h e  a p p r o x im a t i o n  a t  t h e s e  
f r e q u e n c i e s  a n d  in  t h i s  way a v o id  e r r o r s  c a u s e d  by th e  u n n e c e s s a r i l y  
l a r g e  ran g e  o f  t h e  a p p r o x im a t i o n .
R e s u l t s  f o r  i s o t o p i c  m e th a n o l  m o le c u le s  o b t a i n e d  u s in g  
c o e f f i c i e n t s  o f  t h e  m in im ax  a p p r o x im a t io n s  / E q .  / 4 / /  g iv e n  by u s in g  
e x a c t  v a lu e s  o f  u a n d  by c u t t i n g  o f f  t h e  f r e q u e n c i e s  f o r  w h ich
ф max
u^ > 12 a r e  c o m p ared  in  T a b l e  IV. I t  c a n  be s e e n  спаъ ъпе " c u t  o f f "  
p r o c e d u r e  s i g n i f i c a n t l y  im proves  t h e  r e s u l t s  o f  th e  m inim ax ap p ro x ­
i m a t i o n .  B ec a u se  o f  t h e  r e l a t i v e l y  s m a l l  number o f  te rm s  i n v o l v e d  i t  
may th u s  be a p p l i e d  a d v a n t a g e o u s ly  t o  o b t a i n  p r a c t i c a l l y  u s e f u l  
a p p r o x im a t io n s  t o  AC°/R a t  low er t e m p e r a t u r e s .
-  5 -
T ab le  I .




200 300 400 1200 3000
^raax 22.78 1 5 .1 9 1 1 .3 9 3 .8 0 1 .5 2
Exact 0.156620 0 .6 0 5 9 3 6 0 .9 5 0 4 7 5 1 .03 5 2 4 5 O .3OOI39
A C°/RX*
Minimax 
ap p ro x  im a- P e r c e n t  e r r o r
t i o n
n = l 2 - 8 9 .1 - 5 9 . 8 - 3 9 .8 - 7.66 5 .4 9
n = 2 -147 6 7 .5 50.2 1 .1 0 - 0.120
n = 3 - 8 7 .7 - 1 4 .1 9 .9 6 0.502 - 0 .0 0 1
n = 4 -8 7 -9 - 6 2 .1 - 3 2 .5 - 0 .0 0 3 0 .0 0 0
n = 5 - 3 2 .7 - 2 6 . 0 - 10.6 - 0 .0 0 8 0 .0 0 0
n = 6 -152 6 .4 1 - 0 .8 6 2 - 0 .0 0 1 - 0 .0 0 0
n = 7 -148 2 0 .9 2.00 0 .0 0 0 - 0 .0 0 0
n  = 8 169 13.2 1 .3 8 0 .0 0 0 - 0 .0 0 0
1 F m a t r ix  e l e m e n t s  t a k e n  from  [81 , g e o m e t r i c a l  p a r a m e te r s  as  g iv e n
i n  [8 ] .
n t h e  o r d e r  o f  e x p a n s io n
6■Table I I .
Com parison o f  v a r i o u s  e x p a n s io n s  of AC°/R f o r  m ethane -  d ^ .
T
°K 300 400 800 1200 ЗООО
и max 15.12 I I .34 5.6  7 3 .7 8 I . 5I
E xac t
AC°/RГ 0 .1 0 3 3 7 4 0 .1 9 8 4 3 5  0 .353167 0 .3 1 7 8 9 6 0 .096614
Minimax
a p p r o x i ­
m a tion
P e r c e n t  e r i ’ОГ
n  — 1 - 78 . 81 2 - 6 1 .3 - 25.8 - 12.6 4 .6 2
- 98.1 - 9 4 .6 - 72 .O - 4 8 . 9 - 10.6
n = 2 340 6 5 .0 4 .1 4 0 .5 1 4 - 0.201
- 10.1 -104 - 2 5 9 . 5 4 1 .9 0 ,2 4 6
n  = 3 - 10.8 1 2 .5 2 .9 1 О.435 -О.ОО3
- 9 9 .2 - 9 6 .0 . - 3 5 . 0  ' - 4 .6 3 0 .0 1 2
n = 4 - 7 2 .7 - 4 0 .7 -O .23 - 0 .0 7 6 0 .0 0 0
-101 -110 1 0 .5 5 0 .4 2 9 - 0 .0 0 0
n = 5 - 3 .2 0 - 6 .4 7 - 0 .1 6 0 - 0 .0 0 6 0 .0 0 0
- 9 5 .9 - 7I .9 - O .79O -O .O I7 - 0 .0 0 0
n -- 6 6 1 .4 З .52 -O.OO9 - 0 .0 0 0 - 0 .0 0 0
- I 50 29 .О 0 .0 0 6 - 0 .0 0 0 0 .0 0 0
tNII
_s_ 7 5 .6 5 .2 8 O.OO7 0 .0 0 0 - 0 .0 0 0
-145 4 0 .2 О.О31 0 .0 0 0 - 0 .0 0 0
n = 8 19.6 2 .ОЗ 0 .0 0 2 0 .0 0 0 - 0 .0 0 0
- 8 4 .9 - 2 5 .5 - 0 .0 1 2 - 0 .0 0 0 - 0 .0 0 0
A pprox ima­
t t o n  
Eq. (7 )
- 45 .O - 3 4 .1 - 2 6 .6 - 1 4 .1 1 0 . 6
1 F m a t r ix  e le m e n ts  an d  g e o m e t r i c a l  p a r a m é te r e  t a k e n  from  [91
2 F or  ea c h  t e m p e r a t u r e  and  o r d e r  t h e  u p p e r  number i s  c a l c u l a t e d
u s in g  Eq. ( 4 ) ,  t h e  lo w er  u s in g  Eq. ( 5) .
1------------------------------------------- !---------------------------------- -
200u К_______  __  ____ __  ________ 300 ° s
v i u i Ui u i 4  !
A
*i >i-
2992.080 3 705 .055 21.520 2 6 .5 4 9 2 .0 7  . 10“ 7 14 .347 1 7 .7 5 6  I 1 .1 5  . i o “4 i
2 855 .745 299 2 .1 3 9 2 0 .5 1 2 21.521 2 .5 5  . 10“ 7 13 .7 4 1 1 4 .3 4 7  } 8 .2 4  . 1 0 -5 1
271 5 .1 6 5 286 4 .9 5 3 1 9 .5 2 9  ‘ 2 0 .5 0 6 7 .8 2  . 10“ 7 13 .019 13 .737 1.72  . 10~4
145 8 .0 9 3 1462 .932 10 .4 8 7 10.522 8.52  . 10“5 5 .9 9 2 7 .0 1 5 7 .4 2  . 10“4
1430 .077 1 431 .285 1 0 .2 3 5 10 .2 9 5 2.52  . 10“5 5 .8 5 7 5 .8 5 3  I 2 .0 4  . 10_:
1227 .925 1348 .241 8.832 9 .6 9 7 5 -5 1  . 10" 5 5.888 5 .4 5 5 3 .1 4  . 10“2
1048 .284 1091.092 7 .5 4 0 7 .8 4 8 5 .1 7  . 10" 5 5 .0 2 7 5 .2 3 2  ! 2,01  . 10"2
8 7 0 .5 5 5 1035 .954 5 .2 5 1 7 .4 5 1 4 .2 8  . 10“2 4 .1 7 4 4 .9 5 7  1 1.02  . 10"1 !
2 992 .441 2992 .441 2 1 .5 2 3 2 1 .5 2 3 0.0 14 .349 1 4 .3 4 9  j 0 . 0
1477 .111 1477 .111 1 0 .5 2 4  • 1 0 .5 2 4 0 . 0 7 .0 8 3 7 .0 8 3 0 . 0
1157 .439 1157 .439 8 .3 2 5 8 .3 2 5 0 . 0 5 .5 5 0 5 .5 5 0  1 0 . 0
z K t i
*
5 .4 7 3 .10“2 1 1 .5 5 2 .
“ - 1
1 F m a tr ix  e le m e n ts  ta k e n  from  !1 0 j, g e o m e tr ic a l  p a r a m e te r s  from  [ l l j  .
2 The c o n t r i b u t i o n  from  h in d e re d  r o t a t i o n  o f  th e  OH g ro u p  i s  n o t  in c lu d e d  in  T.Í r '„ .




T ab le  I I I .
The c o n t r i b u t i o n s  o f  v a r io u s  m o le c u la r  f r e q u e n c ie s  to  th e  h e a t  c a p a c i ty  d i f f e r e n c e
b e tw een  CE^Ofi and CH^OD1 ' 2
ТаЫ з IV.
C om parison o f  th e  a p p ro x im a t io n s  to ДС^/R  f o r  i s o t o p i c  m e th a n o l  m o le c u le s  
w i t h  th e  a c t u a l  Um  and " c u t  o f f "  Umax . (T = З О О ^ 1)
PERCENT ERROR
n 1 2 3 4 5 6 7 8
CH,0H -  CH^OD - 6 5 . 92 - I 5 I - 4 2 .9 - 5 5 .2 - 3 7 .4 - 1 3 .З 3 .6 3 - 1 6 .8
- 3 9 .8 - 3 7 .3 3 .2 0 4 .9 0 0 .8 7 6 0.551* 0 .1 8 0 0 .1 5 3
CHjOH -  CDjOH - 3 7 .3 - 4 8 .5 4 6 .1 - 1 8 .3 - 5 2 .5 - 3 5 .6 1 1 .2 1 9 .9
5 4 .7 - 3 5 .6 2 8 .6 5 .7 5 0 .7 1 0 1 .6 7 1 .4 9 1 .5 4
|CHjOH -  CD^OD - 4 5 .8 - 1 6 .2 1 4 .8 - 2 9 .7 - 5 0 .0 - 3 2 .5 1 0 . 3 1 0 .6
' - 5 2 .1 - 3 6 .2 2 3 .5 6 .1 2 0 .4 2 5 1 .2 9
1 .2 8 1 .2 9
12CH50H - l 5 CH50H 2 .7 2 - 8 .0 7 - 2 0 .5 - 5 6 .6 - 4 8 .8 7 .5 2 3 .3 7 - 6 .2 5
- 5 8 .0 - 3 2 .0 • 1 9 .0 2 .7 3 2 .1 1 -0 .2 1 0 -0 .3 9 4 0 .1 3 8
CH,160H -  CH,180H 4 8 .6 1825 - 6 2 .9 8 5 .7 - 6 0 .1 2 6 .1 - 2 9 .4 1 0 . 3
- 4 1 .1 - 4 1 .4 О .1 7 О 9 .6 3 2 .2 5 -0 .3 8 5 - 0 .3 8 4 - 0 .0 2 2
1 See f o o t n o t e s  1 , 2  o f  T ab le  I I I .
2 P o r  each  p a i r  o f  i s o t o p i c  m o le c u le s  and e a c h  o r d e r  th e  u p p e r  number i s  c a l c u l a t e d  u s in g  th e  
a c t u a l  v a lu e  o f  Umax th e  lo w e r  u s in g  the  c u t - o f f  v a lu e  o f  Ui a x .
-  9  -
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